Asymptotic Behavior in Linear Thermoelasticity  by Fabrizio, Mauro et al.
Ž .Journal of Mathematical Analysis and Applications 232, 138]165 1999
Article ID jmaa.1998.6255, available online at http:rrwww.idealibrary.com on
Asymptotic Behavior in Linear Thermoelasticity
Mauro Fabrizio* and Barbara Lazzari
Department of Mathematics, Uni¤ersity of Bologna, Piazza di Porta S. Donato, 5.
40127 Bologna, Italy²
and
Jaime E. Munoz RiveraÄ
National Laboratory for Scientific Computation, Rua Getulio Vargas, 333,
Quitadinha-Petropolis 25651-070. Rio de Janeiro, BrasilÂ
Submitted by Firdaus E. Udwadia
Received November 10, 1997
This paper studies a linear thermoelastic material which exhibits a constitutive
equation for heat flux with memory. An approximated theory of thermodynamics is
developed for this model and a maximal pseudo free energy is explicitly constructed
in the frequency domain. This thermodynamic potential is used to prove stability
and domain of dependence results.
Moreover, by the thermodynamic restrictions on the heat flux kernel, existence,
uniqueness, and asymptotic behavior theorems are proved for the unidimensional
model. Q 1999 Academic Press
1. INTRODUCTION
In this paper we consider the homogeneous three-dimensional thermo-
elastic system; the main difference with respect to the classic theory and
our model is that, in the constitutive equations, the heat flux appears as a
functional with long memory. This fact turns the system into a hyperbolic
one and not the usual hyperbolic]parabolic coupled system. This model is
physically reasonable but the standard hyperbolic theory cannot be applied
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directly. For this reason we study this topic here. We are interested in
showing typical properties of the hyperbolic system, like Domain of depen-
dence and asymptotic stability of the solution. To do this we look for the
maximal pseudo free energy potential. We may construct it by applying the
first and the second laws of the thermodynamic to the corresponding
w x w xconstitutive equations together with the results in 1 and 2 . With this
pseudo free energy we are able to show the Domain of dependence
inequality.
Concerning asymptotic behavior, as in the classic theory, dissipation
plays an important role in the uniform rate of decay. That is, the heat
dissipation is able to produce a uniform rate of decay only in the one-di-
mensional case. For three-dimensional bodies, uniform rate of decay is not
Ž w x.expected see Rivera 3 . However, the known methods used to show
uniform rates of decay in classic thermoelasticity cannot be applied in our
case. So, a new asymptotic technique has to be devised. Our method
explores the weak dissipative properties given by the memory effect to
show asymptotical stability provided the kernel satisfies the thermody-
namic condition that its half range cosine Fourier transform is positive
definite.
2. LINEAR THERMOELASTICITY AND LAWS
OF THERMODYNAMICS
Consider a thermoelastic homogeneous material whose material points
are labelled by their position in a suitable reference configuration V which
is a bounded and regular region of the euclidean three-dimensional space
R3, with smooth boundary › V. Under hypotheses of small deformations
and small variations of the temperature with respect to the given reference
configuration, and in the presence of memory effects for the heat flux, the
constitutive equations for the stress tensor T, the rate at which heat is
adsorbed for a unit of volume h and the heat flux q, are assumed, within a
linear approximate theory, of the type
T x, t s CE x, t q Mu x, t , 2.1Ž . Ž . Ž . Ž .
Çr h x, t s Q B ? L x, t q r cu x, t , 2.2Ž . Ž . Ž . Ž .0 0 0
‘
tq x, t s yQ k s g x, s ds, 2.3Ž . Ž . Ž . Ž .H0
0
where the constant Q is the absolute reference temperature, u s Q y Q0 0
tŽ . Ž .the relative temperature, g its gradient and g s s g t y s the history of
g up to time t, while u is the displacement vector, E s sym =u the
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infinitesimal strain tensor, L s =u the velocity gradient, and r the massÇ 0
density. Moreover, the elastic tensor C is a symmetric and positive definite
fourth-order tensor, the stress]temperature tensors M, B, are second-order
tensors, and M is symmetric, c is the heat capacity, and the thermal
q 1Ž .conductivity kernel k is a function k: R “ Sym, such that k g L R l
2Ž .L R .
t q 3Ž .Let us introduce the integrated history of g: g x, ? : R “ R defined
by
ttg x, s s g x, t dt , 2.4Ž . Ž . Ž .H
tys
Ž .after an integration by parts, the constitutive equation 2.3 can be rewrit-
w xten 4 ,
‘
tq x, t s Q k9 s g x, s ds. 2.5Ž . Ž . Ž . Ž .H0
0
In order to give a formulation of thermodynamic law and to obtain the
Ž . Ž .restrictions on the constitutive functionals, we observe that 2.1 , 2.2 , and
Ž .2.5 define a thermodynamic system which satisfies the definition of
1 tw x w x Ž .simple material given in 5 and 6 when the state is s s E, u , g ,
q w .and the thermokinetic process of duration d g R is a map P: 0, d “p P
w .Lin = R = V piecewise continuous on 0, d defined asP
ÇP t s L t , u t , g t , ; t g 0, d .Ž . Ž . Ž . Ž . .Ž . P
tŽ .The set of the ammissible states S consists of those states E, u , g which
satisfy
‘
tk9 s g s ds - ‘,Ž . Ž .H
0
while P denotes the set of all accessible processes for the material, r theÄ
Ž i .state-transition function, which associates to the pair s , P , initial state
process, the final state s f:
s f s r s i , PŽ .Ä
and S the set of the states which can be reached from s by means of as 00
process P, viz.
S s s ; ’P g P ; s s r s , P . 4Ž .Äs 00
1 Since we study a local theory, whenever no ambiguity arises, the dependence on x is
understood and not written.
LINEAR THERMOELASTICITY 141
The thermoelastic material described in this paper is a simple material,
Ž . Ž . Ž .because the constitutive equations 2.1 , 2.2 , and 2.5 are functions of
Ž Ž . Ž ..s t , P t , i.e.,
Ä ÄT t s T s t ; h t s h P t ; q t s q s t .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ä
Ž . Ž .DEFINITION 2.1. A pair s , P , is called a cycle if s s r s , P .Ä
Ž .First Law of Thermodynamics. For e¤ery cycle s , P the equality
dp Ä Är h P t q T s t ? L t dt s 0 2.6Ž . Ž . Ž . Ž .Ž . Ž .E 0
0
Ž . Ž . w .holds with s t s r s , P , where P is the restriction of P to 0, t ;Ä w0, t . w0, t .
w .0, d .P
As a consequence of the First Law of Thermodynamics, expressed by
Ž . w x2.6 , we have 6 the following.
THEOREM 2.1. A necessary condition for the ¤alidity of the First Law is
the existence of a state function e: S “ R, called internal energy whichs0
satisfies the following equality:
dp Ä Är e s y r e s s r h P t q T s t ? L t dt ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ä Ä H0 2 0 1 0
0
Ž .for e¤ery pair of states s , s and process P such that s s r s , P .Ä1 2 2 1
As a corollary of Theorem 2.1 we have
Ä ÄÇr e s t s r h P t q T s t ? L t , 2.7Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ä0 0
at any time t where P is continuous.
Ž .Second Law of Thermodynamics. For e¤ery cycle s , P the inequality
Är h P t q s t ? g tŽ . Ž . Ž .Ž . Ž .Äd 0p q dt F 0, 2.8Ž .E 2½ 5Q q u tŽ .0 Q q u tŽ .0 Ž .0
holds, and the equality sign holds if and only if the process is re¤ersible.
Ž . Ž . Ž .For a consistent linear theory in agreement with 2.1 , 2.2 , and 2.5 we
must give a suitable approximation of the Second Law which neglects
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2 Ž .terms of order greater than two. In this way 2.8 becomes
1 dp Är h P t Q y u t q q s t ? g t dt F 0. 2.9Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž . 4ÄE 0 02Q 00
As a consequence of the Second Law of Thermodynamics expressed by
Ž . Ž w x.2.9 , we have see 6 the following.
THEOREM 2.2. A necessary condition of the ¤alidity of the Second Law
Ž .expressed in terms of 2.9 is the existence of a function h: S “ R, calleds0
entropy, which satisfies the following inequality:
r h s y r h sŽ . Ž .Ä Ä0 2 0 1
1 dp ÄG r h P t Q y u t q q s t ? g t dt ,Ž . Ž . Ž . Ž .Ž . Ž .Ž . 4ÄH 0 02Q 00
Ž .for e¤ery pair of states s , s and process P such that s s r s , P .Ä1 2 2 1
As a corollary of Theorem 2.2 we have
1 ÄÇr h s t G r h P t Q y u t q q s t ? g t , 2.10Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ä Ä0 0 02Q0
at any time t where P is continuous.
Ž . Ž .The relations 2.7 and 2.10 , which describe the First and the Second
Laws in differential form, give
r0 ÄÇr Q h s t G yT s t ? L t y h P t u tŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ä0 0 Q0
1
Çq r e s t q q s t ? g t , 2.11Ž . Ž . Ž . Ž .Ž . Ž .Ä Ä0 Q0
2 Ž .2 Ž . 3We note that 1r Q q u ( Q y 2u rQ so that0 0
1 1
Är h Q q u q q ? g ( r h Q q u q q ? g Q y 2uw xŽ . Ž . Ž .Ä0 0 0 0 02 QQ q uŽ . 30
1
2 2s r h Q y u Q y 2u q q ? gQ y 2q ? guŽ .0 0 0 03Q0
1
( r h Q y u q q ? gw xŽ .0 0Q2
Ž . Ž .and substitution in 2.8 yields 2.9 .
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by introducing the pseudo free energy C: S ; S “ R, defined bys0
r C s r e y r Q h ,0 0 0 0
Ž .2.11 becomes
r 10ÇÄ Ä Är C s t F h P t u t q T s t ? L t y q s t ? g t .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ä0 Q Q0 0
2.12Ž .
Remark 2.1. It is worth remarking that in general, for materials with
memory, the function entropy h is not uniquely determined even after a
normalization process, so that also the potential C is not uniquely deter-
mined.
DEFINITION 2.2. We call maximal pseudo free energy the potential CM
Ž .which satisfies 2.12 as an equality, viz.,
r 10ÇÄ Ä Är C s t s h P t u t qT s t ?L t y q s t ?g t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ä0 M Q Q0 0
2.13Ž .
for every admissible process.
3. THERMODYNAMIC RESTRICTIONS AND
FREE ENERGIES
In this section we derive the restrictions placed by the thermodynamic
principles on B, M, k and apply some recent results on thermodynamic
Žw x w x.potentials 1 and 2 which allow us to give as explicit representation
of C .M
We assume that the conductivity tensor k has first and second derivative
1Ž q. 2Ž q. 3 < Ž . <k9, k0 belonging to L R l L R , and 0 - k9 0 - ‘.
In order to obtain the restrictions placed on the constitutive equations
Ž . Ž .by the First and Second laws, we observe that 2.6 and 2.9 yield
1 dp Ä Är h P t u t y q s t ? g t q Q T s t ? L t dt G 0.Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . 4ÄE 0 02Q 00
3.1Ž .
3 In this paper L1, L2, H 3, etc. represent the usual space of scalar functions, while L1, L2,
H1, etc., the set of vectorial or tensorial functions.
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Ž . Ž .Upon substitution of the constitutive functionals 2.1 ] 2.3 , it follows
Ž .from 3.1 :
1 dp ÇQ B ? L t q r cu t u tŽ . Ž . Ž .E 0 02 ½Q 00
‘
tq k s g s ds ? g t q Q CE t q Mu t ? L t dt G 0. 3.2Ž . Ž . Ž . Ž . Ž . Ž . Ž .H 0 5
0
Ž .Since the principles of thermodynamics require that 3.2 holds for any
cycle, we have
‘d p tw xQ B q M ? L t u t q k s g s ds ? g t dt G 0, 3.3Ž . Ž . Ž . Ž . Ž . Ž .E H0½ 5
0 0
t Ž .for every u and g . The inequality 3.3 implies
‘d p tB q M s 0, k s g s ds ? g t dt G 0. 3.4Ž . Ž . Ž . Ž .E H
0 0
Ž . t Ž .Since 3.2 is an equality if and only if g is a constant history, then 3.4 2
qq Ž . 3 3holds for any cycle only if for every v g R and g , g g R = R _1 2
 40, 0 we have
‘2prv
k s g cos v t y s q g sin v t y s dsŽ . Ž . Ž .Ž .H H 1 2
0 0
? g cos v q g sin v t dt ) 0. 3.5Ž . Ž .1 t 2
Ž .The integration with respect to t of 3.5 yields
‘p
cos v s k s g ? g q k s g ? g ds ) 0 3.6Ž . Ž . Ž .H 1 1 2 2v 0
and the arbitrariness of g and g leads to1 2
‘
k s cos v ds ) 0 ;v / 0, 3.7Ž . Ž .H
0
where ``) 0'' signifies that the tensor is positive definite.
In order to give an explicit representation of the potential C it isM
Ž .suitable to transform the constitutive equation of the heat flux 2.5 from
the time to the frequency domain. For this purpose we identify functions
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on Rq with their causal extension on R and introduce the formal Fourier
transform
‘
yi v sa v s a s e ds,Ž . Ž .Ã H
y‘
which can be rewritten in terms of half range sine and cosine Fourier
Ž . Ž . Ž . Ž . ‘ Ž .transforms: a v s a v y ia v , where a v s H a s ? sin v s ds andÃ c s s 0
Ž . ‘ Ž . 1Ž q.a v s H a s cos v s ds. Moreover, if a and a9 belong to L R lc 0
2Ž q.L R , then the following relations hold:
aX v s yv a v aX v s v a v y a . 3.8Ž . Ž . Ž . Ž . Ž .s c c s 0
Ž .Remark 3.1. In the frequency domain 3.7 becomes
kX vŽ .s
k v s y ) 0, v / 0 3.9Ž . Ž .c v
and the inverse half range Fourier transform implies
‘
X2 k vŽ .s
k 0 s y dv ) 0. 3.10Ž . Ž .H
p v0
Y 2Ž q. < Ž . <Finally the hypotheses k g L R and k9 0 - ‘ give
X 2sup vk v - ‘; lim vk v s y lim v k v s k9 0 F 0.Ž . Ž . Ž . Ž .s s c
v“‘ v“‘vgR
The following stronger assumptions on the relaxation function k are
assumed to hold
k 0 ) 0, k9 0 - 0. 3.11Ž . Ž . Ž .c
t 2 qŽ .Remark 3.2. If g g L R , then Plancherel's theorem can be used to
Ž .write 2.5 in the frequency domain, i.e.,
‘2
X tq t s Q k v g v dv 3.12Ž . Ž . Ž . Ž .H0 s sp 0
Ž . Ž .and 2.4 with 3.8 yields
1
t t t tÇ Çg s yv g , g s g t q v g . 3.13Ž . Ž .c s s cv
After these preliminary statements we can prove the main result of this
section.
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t t 2 qŽ . Ž .THEOREM 3.1. Let s s E , u , g with g g L R , then the maxi-0 0 0 0 0
mal pseudo free energy density C : S “ R is gi¤en byM s 0
r 10 2r C s t s cu t q CE t ? E tŽ . Ž . Ž . Ž .Ž .0 M 2Q 20
‘1
X t ty v k v g v ? g vŽ . Ž . Ž .H s s sp 0
X t tqk v g v ? g v dv ,Ž . Ž . Ž .s c c
and
u t 1Ž .
2T t u t q q t F x u t q C t , 3.14Ž . Ž . Ž . Ž . Ž . Ž .Ç Ç MQ 20
with
1 22 2< < < < < <x s cr C q Q M q r Q k0 0 0 0 0½22 r c0
2 2 22 2< < < < < < < < < < < <y cr C y r Q k q M M Q q 2 C cr q 2Q k r .'Ž .0 0 0 0 0 0 0 0 0 5
3.15Ž .
X Ž .Proof. The symmetry of C and k with 3.13 gives
‘r c 20 X tÇ Çr C t s u t u t q CE t ? L t y k v g v dv ? g tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H0 M s sQ p 00
3.16Ž .
Ž . Ž . Ž . Ž . Ž .and equality 2.13 follows from 3.4 , 2.1 , 2.2 , and 3.12 . This estab-1
lishes the first assertion.
Ž . Ž . Ž . Ž .In order to prove 3.14 , it follows from 3.12 , 3.10 , 3.9 , and Holder'sÈ
inequality that
21r2X
‘2Q k vŽ . 1r20 s2 X t tq t F y yvk v g v ? g v dvŽ . Ž . Ž . Ž .H s s s½ 5p v0
2
‘Q0 X t t< <F 2 k yv k v g v ? g vŽ . Ž . Ž .H0 s s sp 0
X t tqk v g v ? g v dv , 3.17Ž . Ž . Ž . Ž .s c c
Ž .while 2.1 and classical algebraic inequalities give
12 2 2< < < <T t F 1 q a C CE t ? E t q 1 q M u , 3.18Ž . Ž . Ž . Ž . Ž .ž /a
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Ž . Ž .with a ) 0. At last 3.17 and 3.18 yield
u t q t 1 bŽ . Ž . 2 2
T t u t q F T t q u tŽ . Ž . Ž . Ž .Ç Ç
Q 2b 20
1 g2 2q u t q q tŽ . Ž .
2g Q 2Q0 0
< <1 q a C 1 b 1Ž .
2F CE t ? E t q r u tŽ . Ž . Ž .Ç0b 2 r 20
1 q a Q 1 r cŽ . 0 02 2< <q M q u tŽ .
abcr g cr 2Q0 0 0
‘1
X2 t ty g k 0 Q v k v g v ? g vŽ . Ž . Ž . Ž .ŽH0 s s sp 0
X t tqk v g v ? g v dv , 3.19Ž . Ž . Ž . Ž ..s c c
with b , g ) 0.
Now it is possible to choose a , b , g , and x such that
< <1 q a C 1 q a Q 1 bŽ . Ž . 0 2 2< <s M q s g Q k 0 s s x .Ž .0b abcr g cr r0 0 0
After short calculations, we have that x is a root of the equation
22 4 2 2 2< < < < < <r cx y cr C q Q M q r Q k 0 x q k 0 Q C s 0. 3.20Ž . Ž . Ž .0 0 0 0 0 0
Ž . Ž . Ž .The smaller root of 3.20 is given by 3.15 . With this choice of x , 3.19
Ž .yields 3.14 .
4. DOMAIN OF DEPENDENCE INEQUALITY
This section is devoted to the statement and the proof of the domain of
dependence inequality for the solutions of the dynamic thermoelastic
problem.
The fundamental system of the linear theory of thermoelasticity in the
Ž .domain Q s V = 0, t consists of
r u x, t s = ? T x, t q r f x, t linear momentum equation,Ž . Ž . Ž .È0 0
r h x, t s y= ? q x, t q r r x, t energy equation,Ž . Ž . Ž .0 0
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where f is the body force and r the heat source. Introducing the constitu-
Ž . Ž . Ž .tive relations 2.1 , 2.2 , and 2.3 and using the symmetry of C, B, and
Ž .3.4 , we obtain the coupled system of linear thermoelastic equations
r u x, t s = ? C=u x, t y Bu x, t q r f x, t , 4.1Ž . Ž . Ž . Ž . Ž .È0 0
Çr cu x, t s yQ B ? =u x, t q Q = ? k)=u x, tŽ . Ž . Ž . Ž .Ç0 0 0
y = ? q x, t q r r x, t , 4.2Ž . Ž . Ž .0 0
where
t tk)=u x, t s k s =u x, s dsŽ . Ž . Ž . Ž .H
0
and
‘
tq x, t s y k s =u x, s ds,Ž . Ž . Ž .H0
t
so that the past history of =u is regarded as a source term. We pose
r g s y= ? q q r r x, t .Ž .0 0 0
By a solution of the mixed initial boundary value problem in Q we mean
Ž . Ž . Ž .pair u, u satisfying 4.1 ] 4.2 in Q together with initial conditions
u x, 0 s u x , u x, 0 s u x , u x, 0 s u x , 4.3Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ç Ç0 0 0
and boundary conditions
< <u x, t s 0, T x, t n x s 0,Ž . Ž . Ž .› V › V1 2
4.4Ž .
< <u x, t s 0, q x, t ? n x s 0,Ž . Ž . Ž . .› V › V3 4
with n the unit normal on › V and › V fixed subset of › V such thati
› V j › V s › V j › V s › V ; › V l › V s › V l › V s B.1 2 3 4 1 2 3 4
If › V s B, then there exists a family of rigid motions which are solutions1
Ž . Ž .of 4.1 ] 4.2 . In order to rule out these trivial solutions in the case of such
boundary conditions, it is necessary to impose on initial data and body
force the normalization restrictions
u x dx s u x dx s u x = x dx s u x = x dx s 0,Ž . Ž . Ž . Ž .Ç ÇH H H H0 0 0 0
V V V V
4.5Ž .f x, t dx s f x, t = x dx s 0, 0 - t - t .Ž . Ž .H HV V
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Similarly, if › V s B, we assume3
Q B ? =u x q r cu x d x s 0, r x, t dx s 0,Ž . Ž . Ž .H H0 0 0 0
V V
0 - t - t . 4.6Ž .
In order to give a compact definition of solution of the mixed initial
boundary problem which includes all kinds of boundary conditions defined
Ž .in 4.4 , we introduce the following spaces:
Ä 2 2L V s f g L V ; if › V s B, then 4.5 holds ,Ž . Ž . Ž . 421
Ä2 2L V s g g L V ; if › V s B, then 4.6 holds ,Ž . Ž . Ž . 423
Ä 2 Ä2L V s L V = L V ,Ž . Ž . Ž .
Ä 1 1 <H V s u g H V ; u s 0, or if › V s B,Ž . Ž . › V 11
then 4.5 holds ,Ž . 41
Ä1 1 <H V s u g H V ; u s 0, or if › V s B,Ž . Ž . › V 33
then 4.6 holds ,Ž . 41
Ä 2 2 Ä 1 Ä2 2 Ä1H V s H V l H V ; H V s H V l H V ,Ž . Ž . Ž . Ž . Ž . Ž .
L 0, t ; V s L2 0, t ; L V ,Ž . Ž .Ž .
2 2 1 1Ä Äy W 0, t ; V s H 0, t ; L V l H 0, t ; H VŽ . Ž . Ž .Ž . Ž .
2 2ÄlL 0, t ; H VŽ .Ž .
1 2 2 2Ä Ä= H 0, t ; L V l L 0, t ; H V .Ž . Ž .Ž . Ž .
Ž .DEFINITION 4.1. A pair u, u will be called a strong solution of
Ä 2 Ä2Ž . Ž . Ž . Ž . Ž .4.1 ] 4.4 in Q with initial conditions u , u , u g H V = H V =Ç0 0 0
Ä 1Ž . Ž . Ž . Ž . Ž .H V , and source f, g g L 0, t ; V , if u, u g W 0, t ; V and satisfies
Ž . Ž . Ž .4.1 ] 4.2 almost everywhere in Q, and 4.3 almost everywhere in V.
Ž . Ž . Ž .Let u, u be a solution of 4.1 ] 4.4 , then for every domain A ; V, we
define the total energy
1 2 tE A , t s r u x, t q C =u x, t , u x, t , g x dx.Ž . Ž . Ž . Ž . Ž .Ç Ž .HM 0 M2A
We now employ the function E to state and prove a domain of depen-M
Ž . Ž .dence inequality for the solution of 4.1 ] 4.4 in Q.
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Ž . Ž . Ž .THEOREM 4.1. Let u, u be a solution of 4.1 ] 4.4 . Then for e¤ery
Ž .x , T g Q we ha¤e0
E B x , a , T F E B x , a q x T , 0Ž . Ž .Ž . Ž .M 0 M 0
1T
q r u x, t g x, t q f x, t ? u x, t dx dtŽ . Ž . Ž . Ž .ÇH H 0 QŽ .0 VlB x , aqx t 00
4.7Ž .
Ž . Ž .  < < 4with x defined into 3.15 and B x , a s x g V; x y x - a .0 0
‘Ž 3 . Ž .Proof. Let f be a function in C R , R and u, u a solution of0
Ž . Ž .4.1 ] 4.4 . We define
1 2
E V , t s r u x, t q C x, t f x, t dx.Ž . Ž . Ž . Ž .ÇHf 0 M2V
Ž . Ž . Ž . Ž .The first time derivative of E V, ? , 2.13 , 4.1 ] 4.4 , and an integrationf
by parts give
1ÇE V , t s r u x, t ? f x, t q u x, t g x, t f x, tŽ . Ž . Ž . Ž . Ž . Ž .ÇHf 0½ QV 0
1
y T x, t u x, t y q x, t u x, t ? =f x, tŽ . Ž . Ž . Ž . Ž .Ç
Q0
1 2 Çqr u x, t q C x, t f x, t dx. 4.8Ž . Ž . Ž . Ž .Ç0 M 52
Let x be a fixed point in V, for x g V, a ) 0, and t - T. We define0
< <f x, t s f x y x y a y x T y tŽ . Ž .Ž .d 0
‘Ž . Xwith f g C R , f - 0, andd d
1 if z F yd
f z sŽ .d ½ 0 if z G d ,
so that
Ç X X< <f x, t s xf x, t , =f x, t s = x y x f x, t .Ž . Ž . Ž . Ž .d d d 0 d
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Ž . Ž .By substituting f in 4.8 and using 3.14 we obtaind
1ÇE V , t s r u x, t ? f x, t q u x, t r x, t f x, t dxŽ . Ž . Ž . Ž . Ž . Ž .ÇHf 0 dQV 0
1
< <y T x, t u x, t y q x, t u x, t ? = x y xŽ . Ž . Ž . Ž .ÇH 0½ QV 0
1 2 X< <yxr u x, t q C x, t f x, t dxŽ . Ž . Ž .Ç0 M d52
1
F r u x, t ? f x, t q u x, t r x, t f x, t dx. 4.9Ž . Ž . Ž . Ž . Ž . Ž .ÇH 0 dQV 0
Ž . Ž .The integration of 4.9 over 0, T yields
E V , T y E V , 0Ž . Ž .f fd d
1T
F r u x, t ? f x, t q u x, t r x, t f x, t dx dt.Ž . Ž . Ž . Ž . Ž .ÇH H 0 dQ0 V 0
Ž .When d tends to 0, f x, t tends to the characteristic function ofd
Ž Ž ..B x , a q x T y t , and the passage to the limit under the integral sign0
Ž .gives 4.7 .
5. ASYMPTOTIC BEHAVIOR OF THE SOLUTION FOR
THE UNIDIMENSIONAL MODEL
In this section we study the asymptotic behavior of the solution for the
Ž .unidimensional linear thermoelastic system in the domain Q s 0, l =
Rq with a particular choice of boundary conditions. The one-dimensional
system can be written
r u x , t s Cu x , t y Bu x , t q r f x , t ,Ž . Ž . Ž . Ž .È0 x x x 0
Çr cu x , t s yQ Bu x , t q Q k)u x , t q r g x , t ,Ž . Ž . Ž . Ž . Ž .Ç0 0 x 0 x x 0 5.1Ž .
u 0, t s u l , t s 0, q 0, t s u l , t s 0,Ž . Ž . Ž . Ž .x x
u x , 0 s u x , u x , 0 s u x , u x , 0 s u x .Ž . Ž . Ž . Ž . Ž . Ž .Ç Ç0 0 0
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For these boundary conditions, the functional spaces become
H 1 0, l s u g H 1 0, l ; u 0 s 0 , 4Ž . Ž . Ž .u
H 1 0, l s u g H 1 0, l ; u l s 0 , 4Ž . Ž . Ž .u
L 0, l s L2 0, l = L2 0, l ,Ž . Ž . Ž .
H 0, l s H 1 0, l = H 1 0, l ,Ž . Ž . Ž .u u
q 1 q 2 2 q 1H R ; 0, l s H R ; L 0, l l L R ; H 0, lŽ . Ž . Ž .Ž . Ž .u
= L2 Rq; H 1 0, l ,Ž .Ž .u
V Rq; 0, l s H 1 Rq; L 0, l l L2 Rq; H 0, l .Ž . Ž . Ž .Ž . Ž .
Ž . Ž q Ž ..DEFINITION 5.1. A pair u, u g H R ; 0, l is called a weak solu-
Ž . Ž . 2Ž q Ž ..tion of problem 5.1 with sources f , g g L R ; L 0, l and data
Ž . 1Ž . 2Ž . 1Ž .. Ž . Ž .u , u , u g H 0, l = L 0, l =H 0, l , if u x, 0 s u x andÇ0 0 0 u u 0
‘ l
yr u x , t w x , t q Cu x , t y Bu x , t w x , tŽ . Ž . Ž . Ž . Ž .Ç ÇH H 0 x x
0 0
Çy Q Bu x , t q r cu x , t b x , t y Q k)u x , t b x , t dx dtŽ . Ž . Ž . Ž . Ž . Ž . 40 x 0 0 x x x
‘ l
s r f x , t w x , t q g x , t b x , t dx dtŽ . Ž . Ž . Ž .H H 0
0 0
l
y ¤ x w x , 0 q Bu x q r cQ x b x , 0 dx ,Ž . Ž . Ž . Ž . Ž . 4H 0 0 0 0x
0
5.2Ž .
Ž . Ž q Ž ..for every pair w, b g V R , 0, l .
For simplicity, we limit ourselves to the case of zero initial data, and
show how the result can be easily extended to the general case.4 If the
4 Ž . Ž . Ž .If u, u is a solution of 5.1 , then the pair ¤ , b , ¤ s u q w, b s u q h, with
Ž . ‘Ž q Ž .. Ž . Ž .w, h g C R , H 0, l and w x, t s h x, t s 0 for every t ) t , satisfies a problem0
Ž . Ž .formally equal to 5.1 , where it is possible to choose w, h so as to have zero initial data,
sources initially equal to zero, and
¤ x , t s u x , t ; u x , t s b x , t ; t ) t .Ž . Ž . Ž . Ž . 0
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Ž .initial data are zero, Plancherel's theorem applied to 5.2 yields
‘1 l *yr iv u x , v iv w x , vŽ . Ž .Ã ÃH H ½ 02p y‘ 0
UÃq Cu x , v y Bu x , v w x , vŽ . Ž . Ž .Ã Ãx x
*Ã Ãy Q Bu x , v q r cu x , v ivb x , vŽ . Ž . Ž .Ã0 x 0
Ã Ã ÃqQ k v u x , v b x , v dx dvŽ . Ž . Ž . 50 x x
‘1 l Ã Ãs r f x , v w x , v q g x , v b * x , v dx dv ,Ž . Ž . Ž . Ž .Ã ÃH H 02p y‘ 0
where w* signifies the complex conjugate of w.Ã Ã
ÃŽ . Ž . Ž . Ž . Ž . Ž .Choosing w x, v s w x w v and b x, v s b x b v , the arbi-Ã 1 2 1 2
Ž . Ž .trariness of w , b yields, for almost all v g R and for every w , b g2 2 1 1
Ž .H 0, l
l U2 Ãr v u x , v q f x , v w xŽ . Ž . Ž .ÃH ½ 0 1
0
Uy Cu x , v y Bu x , v w xŽ . Ž . Ž .Ãx 1 x
UÃq yiv Q Bu x , v q r cu x , v q r g x , v b xŽ . Ž . Ž . Ž .Ã Ã0 x 0 0 1
Ã Ã UyQ k v u x , v b x dx s 0. 5.3Ž . Ž . Ž . Ž .50 x 1 x
Ž .As a consequence of 5.3 we have
ÃŽ .Remark 5.1. If u, u is the Fourier transform of a weak solution ofÃ
ÃŽ . Ž Ž . Ž ..5.1 then, for almost all v g R, u ?, v , u ?, v is a weak solution of theÃ
elliptic problem
2 Ãyr v u x , v y Cu x , v q Bu x , v s r f x , v ,Ž . Ž . Ž . Ž .Ã Ã0 x x x 0
Ã Ã Ãiv Q Bu x , v q r cu x , v y Q k v u x , v s r g x , v ,Ž . Ž . Ž . Ž . Ž .Ã Ã0 x 0 0 x x 0
5.4Ž .Ã Ãu 0, v su l , v s0, u 0, v su l , v s 0.Ž . Ž . Ž . Ž .Ã Ãx x
The hypotheses on the constitutive equations lead to the following esti-
Ž .mate for the solution of 5.4 .
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Ž Ž .. Ž . Ž .THEOREM 5.1. If u ?, v g H 0, l is a solution of 5.4 , then theÃ
following inequality holds:
Ã Ãu v q u v q v u v F A v f v q B v g v ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ã Ã Ãx x
5.5Ž .
with A and B suitable functions of v.
Proof. We pose
l² :f v , g v s f x , v g* x , v dx ,Ž . Ž . Ž . Ž .H
0
l2
f v s f x , v f * x , v dx.Ž . Ž . Ž .H
0
ÃŽ Ž . Ž .. Ž . Ž .Let v / 0, and u ?, v , u ?, v g H 0, l a solution of 5.4 , then theÃ
following relations hold:
2 2 Ã Ã5 5 5 5 ² : ² :yr v u q C u q B u , u s r f , u , 5.6Ž .Ã Ã Ã Ã0 x x 0
2 Ã Ã 2 Ã Ã² : 5 5 ² :y r v u y Cu , u q B u s r f , u , 5.7Ž .Ã Ã0 x x x x 0 x
2 2Ã Ã Ã Ã Ã² : 5 5 5 5 ² :yiv Q B u , u q r c u q Q k* u s r u , g , 5.8Ž .Ã Ã0 x 0 0 x 0
2Ã Ã Ã² : 5 5 ² : ² :yiv r c u , u q Q B u y Q k* v u , u s r u , g .Ž .Ã Ã Ã Ã Ã0 x 0 x 0 x x x 0 x
5.9Ž .
Ž .The imaginary part of 5.6 yields
r0Ã Ã² : ² :I u , u s I f , u s I , 5.10Ž .Ã Ãx 1B
Ž . Ž . Ž .while the real part of 5.8 , the imaginary part of 5.7 , and 5.10 yield
1 r02Ã Ã5 5 ² :u s v BI q R u , g s I , 5.11Ž .Ãx 1 2k v QŽ .c 0
1
2Ã Ã Ã² : ² :I u , u s r v I y r I f , u s I . 5.12Ž .Ãx x x 0 1 0 x 3C
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Ž . Ž . Ž . Ž .The real part of 5.9 and the imaginary part of 5.8 with 5.10 , 5.12 , and
Ž .5.11 lead to
1Ã² : ² :R u , u s yQ k v I q vr cI q r R u , g s I ,Ž .Ã Ã Ãx x x 0 s 3 0 1 0 x 4Q k vŽ .0 c
5.13Ž .
1 2Ã Ã Ã² : 5 5 ² :R u , u s yvr c u q Q k v I y r I u , g s I .Ž .Ã Ãx 0 0 s 2 0 5vQ B0
5.14Ž .
Ž . Ž . Ž . Ž .The imaginary part of 5.9 with 5.12 , 5.13 , and 5.14 yield
125 5 ² :u s yvr cI q Q k v I y Q k v I y r I u , gŽ . Ž .Ã Ã Ãx 0 5 0 s 4 0 c 3 0 xvQ B0
s I , 5.15Ž .6
Ž . Ž . Ž .while the real part of 5.6 , with 5.14 and 5.15 leads to
12 Ã5 5 ² :v u s BI y CI q r R u , f s I . 5.16Ž .Ã Ã5 6 0 7r0
Ž . Ž . Ž .At last 5.11 , 5.15 , and 5.16 give
Ã 2 2 25 5 5 5 5 5u q u q v uÃ Ãx x
s I q I q I2 6 7
l v q l k v q l v k 2 v y k 2 vŽ . Ž . Ž . Ž .Ž .2 3 s 4 s c2Ã Ã5 5 ² :s l u q I f , v uÃ1 v k vŽ .c
v q l k vŽ .5 s Ã Ã² : ² :q R u , g q l I u , gÃ Ã5v k vŽ .c
l6 ² : ² :q R u , g y I u , gÃ Ã Ã Ãž /x xv
l k 2 v y k 2 vŽ . Ž .Ž .7 c sÃ Ã Ã² : ² :q R f , u q I f , u 5.17Ž .Ã xv k vŽ .c
with l constants depending on r , B, c, C, and Q .i 0 0
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Since the boundary conditions assure5
Ã 2 Ã 2 2 25 5 5 5 5 5 5 5u F 2 l u s 2 l I , u F 2 l u ,Ã Ãx 2 x
Ž .for v / 0, 5.17 gives
Ã Ãu v q u v q v u v F A v f v q B v g v ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ã Ã Ãx x
with
< < < < < <L v q L k v q L q L v k vŽ . Ž .Ž .1 2 s 3 4 c
A v s , 5.18Ž . Ž .
< <v k vŽ .c
< < < < < < 2 2L v q L k v q L q L v k v q k vŽ . Ž . Ž .Ž . Ž . Ž .5 6 s 7 8 s c
B v sŽ .
< <v k vŽ .c
q L , 5.19Ž .g
and L constants depending on l , r , B, c, C, and Q .i 0 0
Ž .If v s 0, the problem 5.4 becomes
ÃCu x , 0 y Bu x , 0 s yr f x , 0Ž . Ž . Ž .Ãx x x 0
Ã ÃQ k 0 u x , 0 s yr g x , 0 ,Ž . Ž . Ž .Ã0 x x 0
Ã Ãu 0, 0 s u l , 0 s 0, u 0, 0 s u l , 0 s 0,Ž . Ž . Ž . Ž .Ã Ãx x
Ž .and the inequality 5.5 must be replaced
Ã Ã5 5 5 5 5 5 5 5u 0 q u 0 F A 0 f 0 q B 0 g 0 , 5.20Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ã Ãx x
Ž . Ž . Ž . Ž . Ž Ž ..Ž Ž ..with A 0 s 2 lr rC and B 0 s 2 lr r Q k 0 1 q 2 l BrC .0 0 0 c
Ž . Ž .THEOREM 5.2. If the constituti¤e functional k satisfies 3.9 , then 5.4
Ã ÃŽ . Ž . Ž .with sources f , g g L 0, l , admits one and only one solution u, u gÃ Ã
Ž .H 0, l .
Proof. The hypotheses on the constitutive functionals assure that the
Ž . Ž .elliptic problem 5.4 is Fredholm solvable in H 0, l for every source in
5 These inequalities follow from
l l2 U2Ã Ã Ã Ã Ã Ã Ã Ã5 5 5 5 5 5u s y l y x u x dx q x u x u x q u * x u x dx F 2 l u u ,Ž . Ž . Ž . Ž . Ž . Ž .w xH H x x xx
0 0
l l2 U25 5 5 5 5 5u s xu x dx y x u x u x q u* x u x dx F 2 l u u .w xw xŽ . Ž . Ž . Ž . Ž .Ã Ã Ã Ã Ã Ã Ã ÃH H x x xx
0 0
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Ž . Ž w x.L 0, l see Theorem 4.1 of 7 , so that the existence follows from the
Ž . Ž .uniqueness. We observe that 5.5 and 5.20 assure the uniqueness of the
Ž .solution for the problem 5.4 for every v g R.
Ž .Remark 5.2. Theorem 5.2 assures that the differential operator T v
Ž . Ž . Ž .defined by system 5.4 is an isomorphism of H 0, l onto L 0, l . Since
Ž . y1Ž .T v is a continuous function of v, then the inverse operator T v is a
Ž w x.continuous function of v see Lemma 44.1 of 8 .
It follows from Remark 5.2:
ÃŽ Ž . Ž .. Ž . Ž .LEMMA 5.3. E¤ery solution u v , u v g H 0, l of the system 5.4Ã
satisfies
Ã Ã5 5 5 5 5 5 5 5 5 5 < <u v q u v q v u v F c g v q f v , if v - v ,Ž . Ž . Ž . Ž . Ž .Ã Ã Ãx x 1 0
5.21Ž .
< <c k vŽ .3 sÃ Ã5 5 5 5 5 5 5 5u v q u v q v u v F c q f vŽ . Ž . Ž . Ž .Ã Ãx x 2 k vŽ .c
c5
5 5 < <q c q g v , if v G v , 5.22Ž . Ž .Ã4 0k vŽ .c
with c , c , c , c , and c constants which depend on v .1 2 3 4 5 0
y1Ž .Proof. Since Remark 5.2 assures that the operator T v is a contin-
Ž .uous function of v, there exists a suitable « ) 0 so that inequality 5.20
< < < < Ž .holds for every v - « . If « - v - v , then the quantities A v and0
Ž . Ž . Ž . < <B v defined into 5.18 and 5.19 are bounded, while for v ) v we0
have
< <L L k vŽ .1 5 s
lim A v s lim qL ; lim B v s lim qL .Ž . Ž .4 9k v k vv“‘ v“‘ v“‘ v“‘Ž . Ž .c c
Ž . Ž .These observations allow to obtain 5.21 and 5.22 .
We are now ready to state and prove the main theorem of the present
section, which follows from Lemma 5.3 and from suitable conditions on
the source terms.
Ž . Ž .THEOREM 5.4. If the constituti¤e functional k satisfies 3.9 and 3.11 ,
Ž .then problem 5.1 with zero initial data, and sources f , g satisfying
Ç 2 q 2Ž . Ž Ž ..i f , g, f , g, g g L R ; L 0, l ;Ç È
Ž . Ž . Ž . Ž .ii f x, 0 s 0, g x, 0 s 0, g x, 0 s 0;Ç
Ž . Ž q Ž .has one and only one weak solution u, u g H R , 0, l .
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ÃŽ Ž . Ž ..Proof. It follows from Theorem 5.1 that if u ?, v , u ?, v is theÃ
Ã 2Ž . Ž . Ž . Ž . Ž .solution of 5.4 , then u ?, v , u ?, v , and v u ?, v g L 0, l . TheÃ Ãx x
2 Ž . < Ž . < 2 Ž .hypotheses on k assure that c rv k v and c v k v rv k v are5 c 3 s c
Ã< < 5 Ž .5bounded for v G v , while the hypotheses on the sources give f v ,0
Ã 2 25 Ž .5 5 Ž .5 5 Ž .5 5 Ž .5 Ž . Ž .v f v , g v , v g v , v g v g L R . At last, inequalities 5.5 ,Ã Ã Ã
Ž . Ž .5.21 , and 5.22 yield
‘
2 2 2Ã5 5 5 5 5 5u v q u v q v u v dvŽ . Ž . Ž .Ã ÃH x x
y‘
‘
2 22 2 2 Ã5 5 5 5F 2 c q c q c f v q g v dvŽ . Ž .ÃŽ .H1 2 4
y‘
2c5 25 5q2 v g vŽ .ÃH 2ž /v k vŽ .< <v Gv c0
2< <c v k vŽ .3 s Ã5 5q v f v dv - ‘,Ž .2ž /v k vŽ .c
and Plancherel's theorem leads to the result.
6. UNIFORM RATE OF DECAY
In this section we will propose a different technique to study the
Ž .asymptotic behavior of the solution of the system 5.1 with different1, 2
boundary conditions and suitable source terms. If we pose
C B r c0
a s ; b s ; c s
r r Q0 0 0
and choose f s 0, q s 0, while the heat source is defined by0 x
r r s ydu ; d ) 00
Ž . qwe obtain the following system in 0, l = R :
u y au q bu s 0, 6.1Ž .È x x x
cu y k)u q du q b u s 0, 6.2Ž .t x x x t
u 0, t s u l , t s u 0, t s u l , t s 0,Ž . Ž . Ž . Ž .x x
u x , 0 s u , u x , 0 s u , u x , 0 s u .Ž . Ž . Ž .0 t 1 0
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Ž . Ž .Remark 6.1. To get the regularity of solution for system 6.1 ] 6.2 we
introduce the compatibility condition on the initial data. Let us define ui
and u by induction asi
u s au y bu ,i iy2, x x iy2, x
cu s ydu q b uiy1 iy2 iy1, x
such that
u 0 s u l s u l s u 0 s 0.Ž . Ž . Ž . Ž .i i , x iy1 iy1, x
Note that for i s 0, 1 then u and u are the initial data. Likewise for u .0 1 0
Ž . Ž .Let us denote by ¤ and w, the solution of 6.1 ] 6.2 for the initial data
Ž . Ž .¤ , ¤ , w s u , u , u . It is not difficult to see that0 1 0 iq1 iq2 iq1
i jt t t ti 1u ?, t s u q ??? ¤ ?, t dt dt ??? dt ,Ž . Ž .Ý HH Hj 1 ij! 0 0 0js0
i jt t t ti 1
u ?, t s u q ??? w ?, t dt dt ??? dtŽ . Ž .Ý HH Hj 1 ij! 0 0 0js0
Ž . Ž . Ž Ž . Ž . Ž .. Ž .is a solution of 6.1 ] 6.2 for u ?, 0 , u ?, 0 , u ?, 0 s u , u , u . More-t 0 1 0
over we have that
u g C iq1 0, T ; H 1 0, l and u g C iq1 0, T ; L2 0, l .Ž . Ž .Ž . Ž .
Since
Ž .iy2Ž . Ž .iy2 i
ya u q b u s y u ,x x x
Ž . Ž . Ž .iy2 iy2 iy1 Ž .iy1
yk) u q d u s yc u y b u ,x x x
Ž .iy2
1 2Ž Ž ..from the above relation we get that k) u g C 0, T ; L 0, l , whichx x
Ž . Ž .iy2 ky2
X 0 2Ž . Ž Ž .means that k 0 u q k ) u g C 0, T ; L 0, l .x x x x
Ž .iy2
0ŽFrom Volterra's resolvent equation we find that u g C 0, T ;x x
Ž .iy2
2 0 2Ž .. Ž Ž ..L 0, l , where it follows that u g C 0, T ; H 0, l ; we conclude the
regularity using induction.
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To study the asymptotic behavior, we define the energy functions as
l 2 2 2< < < < < <E t ; u , u [ u x , t q a u x , t q c u x , t dx ,Ž . Ž . Ž . Ž .H1 t x
0
l 2 2 2< < < < < <E t ; u , u [ u x , t q a u x , t q c u x , t dx.Ž . Ž . Ž . Ž .H2 x t x x x
0
To prove the uniform rate of decay we will use the following Lemma.
LEMMA 6.1. Let us suppose that k is a strongly positi¤e definite kernel
satisfying
k , k9 g L1 Rq ,Ž .
then we ha¤e
2
t tt t
k t y s y s ds dt F d K y t k t y s y s ds dt ,Ž . Ž . Ž . Ž . Ž .H H H H0
0 0 0 0
1 Ž q. < < 2 < < 2for any y g L R where K s k q 4 k9 and d is such that the1 1loc 0
Ž . ytfunction k t y d e is a positi¤e definite kernel.0
w xFor the proof see 9 .
Our decay result is summarized in the following Theorem.
THEOREM 6.2. Let us suppose that k satisfies the hypotheses of Lemma
6.1 and the following inequality:
ya tk t F AeŽ .
for positi¤e constants A and a ; then we ha¤e that
E t ; u , u q E t ; u , u F C E 0; u , u q E 0; u , u eyg t , 4Ž . Ž . Ž . Ž .1 2 0 1 2
where C , g are positi¤e constants.0
Proof. Since the kernel k decays exponentially, taking g ) 0 small
enough we have that
g t ye tÄk t [ e k t F Ae .Ž . Ž .
Ž . Ž . g t Ž . Ž . g tLet us denote by ¤ x, t s u x, t e and c x, t s u x, t e in these
conditions we have that
¤ s u eg t q g ueg t s u eg t q g ¤ ,t t t
¤ s u eg t q g u eg t q g u eg t q g 2 ueg t s u eg t q 2g ¤ q g 2 ¤ ,t t t t t t t t t
c s u eg t q gc ,t t
Ä g tk)c s e k)u .Ž .x x x x
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Ž .From the above identities it is easy to see that the couple ¤ , c satisfies
¤ y a¤ q bc s R in 0, l = Rq, 6.3Ž . Ž .t t x x x
Ä qcc y k)c q dc q b ¤ s S in 0, l = R , 6.4Ž . Ž .t x x x t
Ž . Ž .with the same boundary conditions and initial value as in system 6.1 ] 6.2
where R and S are given by
R [ y2g ¤ y g 2 ¤ ,t
S [ yg cc y gb ¤ .x
Ž . Ž .Multiplying Eq. 6.3 by ¤ and Eq. 6.4 by c and summing up thet
products result we get
1 d l l l2< < w xE t ; ¤ , c s y k)c c dx y d c dx q R¤ q Sc dx.Ž . H H H1 x x t2 dt 0 0 0
6.5Ž .
Ž . Ž .Similarly, multiplying Eq. 6.3 by y¤ and Eq. 6.4 by yc andx x t x x
summing up the products result we get
1 d l l 2< <E t ; ¤ , c s y k)c c dx y d c dxŽ . H H2 x x x x x2 dt 0 0
lw xy R¤ q Sc dx. 6.6Ž .H x x t x x
0
Ž . Ž .Using Eqs. 6.3 and 6.4 we get that
d l
cc x , t ¤ x , t dxŽ . Ž .H x tdt 0
l l
s cc ¤ dx y cc ¤ dxH Ht x t x t t
0 0
l l l l 2< <s k)c ¤ dx y d c ¤ q S¤ dx y b ¤ dxH H H Hx x x t x t x t x t
0 0 0 0
l l l2< <y ac c ¤ dx q cb c dx y c Rc dx , 6.7Ž .H H Hx x x x x
0 0 0
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where it follows that:
d l
cc x , t ¤ x , t dxŽ . Ž .H x tdt 0
1 dl l2 2< < < <F k)c dx q c dxH Hx xb b0 0
b l l l2 2< < < <y ¤ dx y ac c ¤ dx q cb c dxH H Hx t x x x x2 0 0 0
l l
q S¤ dx y c Rc dx. 6.8Ž .H Hx t x
0 0
Ž .On the other hand, using Eq. 6.3 we have
d l
¤ x , t ¤ x , t dxŽ . Ž .H x t xdt 0
l l2< <s ¤ dx y ¤ ¤ dxH Hx t t t x x
0 0
l l l l2 2< < < <s ¤ dx y a ¤ dx q b c ¤ dx y R¤ dxH H H Hx t x x x x x x x
0 0 0 0
a b 2l l l l2 2 2< < < < < <F ¤ dx y ¤ dx q c dx y R¤ dx. 6.9Ž .H H H Hx t x x x x x2 2 a0 0 0 0
Ž . Ž .From relations 6.8 and 6.9 we have
d bl l
cc x , t ¤ x , t dx q ¤ x , t ¤ x , t dxŽ . Ž . Ž . Ž .H Hx t x t x½ 5dt 40 0
b ab b 3l l l2 2 2< < < < < <F y ¤ dx y ¤ dx q q cb c dxH H Hx t x x x½ 54 8 8a0 0 0
d 1l l l2 2< < < <y ac c ¤ dx q c dx q k)c dxH H Hx x x x xb b0 0 0
bl l l
q S¤ dx y c Rc dx y R¤ dx.H H Hx t x x x40 0 0
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Using the inequality
4ac2 abl l l2 2< < < <ac c ¤ dx F c dx q ¤ dxH H Hx x x x x xb 160 0 0
we get
d bl l
cc x , t ¤ x , t dx q ¤ x , t ¤ x , t dxŽ . Ž . Ž . Ž .H Hx t x t x½ 5dt 40 0
b abl l2 2< < < <F y ¤ dx y ¤ dxH Hx t x x4 160 0
b 3 4ac2 l 2< <q q cb q c dxH x½ 58a b 0
d 1l l2 2< < < <q c dx q k)c dxH H x xb b0 0
bl l l
q S¤ dx y c Rc dx y R¤ dx.H H Hx t x x x40 0 0
Ž .Denoting by K t , the functional
l
K t s N E t ; ¤ , c q N E t ; ¤ , c q c x , t ¤ x , t dxŽ . Ž . Ž . Ž . Ž .H1 1 2 2 x t
0
b l
q ¤ x , t ¤ x , t dx ,Ž . Ž .H x t x4 0
we get for N and N large enough1 2
d l l2 2 2 2< < < < < < < <K t F yc c q ¤ q ¤ q c y 2 N k)c c dxŽ .  4H H0 x t x x x 1 x xdt 0 0
1l l 2< <y 2 N k)c c dx q k)c dxH H2 x x x x x xb0 0
bl l l
q S¤ dx y c Rc dx q R¤ dxH H Hx t x x x40 0 0
l lw x w xq 2 N R¤ q Sc dx y 2 N R¤ q Sc dx , 6.10Ž .H H1 t 2 x x t x x
0 0
with c a positive constant.0
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Choosing g - 1 we get
l l l 2 2< < < <R¤ dx s y R ¤ dx F 2g ¤ q ¤ dx ,H H Hx x t x x t x x t
0 0 0
it follows, after applying Holder's inequality, thatÈ
l l 2 2 2 2< < < < < < < <R N ¤ y N ¤ dx F c g c q ¤ q ¤ q c dx ,Ž .  4H H1 t 2 x x t 1 x t x x x
0 0
l l 2 2 2 2< < < < < < < <S¤ y cRc dx F c g c q ¤ q ¤ q c dx ,Ž .  4H Hx t x 1 x t x x x
0 0
bl
R¤ q 2S N c y N c dxŽ .H x x 1 2 x x40
l 2 2 2 2< < < < < < < <F c g c q ¤ q ¤ q c dx , 4H1 x t x x x
0
where c does not depend on g .1
Ž .Taking g small and using 6.10 we get
d c l l0 2 2 2 2< < < < < < < <K t F y c q ¤ q ¤ q c y N k)c c dxŽ .  4H Hx t x x x 1 x xdt 2 0 0
1 l l2< <q k)c dx y N k)c c dx. 6.11Ž .H Hx x 2 x x x xb 0 0
Note that
l 2 2 2 2< < < < < < < <c c q ¤ q ¤ q c dx F K tŽ . 4H2 x t x x x
0
l 2 2 2 2< < < < < < < <F c c q ¤ q ¤ q c dx. 6.12Ž . 4H3 x t x x x
0
Ž .Integrating 6.11 from 0 to t and using Lemma 6.1 it follows that
c t0
K t q K t dt F K 0 .Ž . Ž . Ž .H2c 03
Ž .Using 6.12 and the above relation we conclude that there exists a positive
constant c , for which we have4
E t ; ¤ , c q E t ; ¤ , c F c E 0; ¤ , c q E 0; ¤ , c . 4Ž . Ž . Ž . Ž .1 2 4 1 2
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From the definition of ¤ this means that u decays exponentially. The proof
is now complete.
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